A Specification

A.1 Hilberts axioms

Hilbert : THEORY
BEGIN

ASSUMING
Point : TYPE
Shape : TYPE = sctof[Point]

Line, Ray, Segment, Angle : TYPE FROM Shape
—
PP’ : [Point, Point — Line]

f:;’ : [Point, Point — Ray]

PP’ : [Point, Point — Segment]
/PP'P" : [Point, Point, Point — Angle]
2 : [Shape,Shape — bool]

LineExists : AXIOM
. i > —
V(A,B: Point): (A€EAB) A (B €EAB)

OnlyLine : AXIOM
YV (A, B : Point,l: Line) :

—
(AE)A(BEl)=1=ABVA=D

ThreeExist : AXIOM
3(A,B,C: Point): AZBAB#CAC#A

TwoPointsOnLine : AXIOM
—
V(l: Line): 3(A,B: Point): A# BAl=AB

ThreePoints : AXIOM V (I : Line): 3 (C': Point): —(C €1)

SegmentBounds : AX1oM V (A, B : Point): (A € AB)

—

SegmentOnLine : AXIOM V (A, B : Point) : (AB CAB)
SegmentSymmetry : AXIOM V (A, B : Point): AB = BA
SegmentExtension : AXIOM
YV (A,B: Point) :
3(C: Point): (BEAC)AC#BAC#A

SegmentOrder : AXIOM
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V (A, B,C : Point) :

(C € AB)A
C#ANC#BANA#B=
(~(B & AT))A
(-(4 € BC))

TriangleIntersection : AXIOM
YV (A,B,C : Point,l: Line):
(3 (D : Point) :
(D e (ABND)A
D#AAND#B)=
A(E : Point) :
(E € ((ACUBC)NI)A
E+ANE#B

CongruentSymmetry : AXIOM
Y (81,82 : Shape) : s1 = 55 & s9 X 51

CongruentExtension : AXIOM
YV (A,R: Point,s: Segment) :

_ —
3 (B: Point): s> ABA (B €AR)

CongruentTransivity : AXIOM
Y (s1,82,83 : Shape) :
S1 =2 s A sy =s3 = 51 = 53

CongruentCombination : AXIOM
Y (A(), B(), C(), Al, Bl, Cl : Point) :
(Bg € AgCo)A
(Bl S AlCl)/\
Ay By & ByCy

AlBl =

B.Cy =

A)Cy = A Gy

RayDef : aAxiom
VY (A, B,C : Point) :
—

(CEAB)@
(C€ AB)V (B € AC)

AngleDef : AXIOM
— —
V(A,B,C: Point): /ABC =(BAU BC)

CongruentAngle : AXIOM
V (a: Angle, A, B, I: Point) :
3 (D : Point) :
a = /ABDA

(AB NID) # 0

OnlyCongruentAngle : AXIOM
YV (x: Angle, A, B.C,D : Point) :
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a2 /ABCA
a2 /ABD =
LABC = /ABDV

(EHC—D);&@

CongruentTriAngle : AXIOM
Y (A[), B(), C(), Al, Bl, Cl : Pomt) :
AgBy =2 A1 B1A
ByCy = B.Cy =
LA()B()C() = ZAlBlCl

ENDASSUMING

— —
LineSym : LEMMA V (A,B: Point): AB=BA
SegmentSelfCongruent : THEOREM V (A, B : Point) : AB =~ AB

SegmentFromRay : THEOREM
V (A, B : Point) :

— — —
A# B= AB=(ABnN BA)
SegmentDivision : THEOREM
V (A,C: Point) :

A+£C =
I(D: Point): D#AAND#CA(D € AC)

NonCongruence : THEOREM 1 (s1,s2 : Shape) : —s; & sy

END Hilbert

A.2 Lobachevskian geometry

Lobachevsky : THEORY
BEGIN

ASSUMING
IMPORTING Hilbert

Parallel : POSTULATE
V (I: Line):
3 (g,h: Line):
h # gA
(gnil)y=0A
(hnl)=10

interior : [Point, Angle — bool]
interiorDef : AXIOM

YV (P,A,B,C: Point) :
interior(P, /ABC) &
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-(B €A<—C>7)/\
(PAN BC) = DA
(PCN BA) =0

|| : [Ray,Ray — bool]

ParallelRay : AXIOM
Y (P,R.Q,S : Point) :
—

A
PR QS &

— —
(PRNQS) =0A
V(D : Point) :
interior(D, /RPQ) =
— —
(PDNQS)#0
— —
directedparallel((Aq, A1, Bo, By : Point)) : bool = (AgA; N ByBy) = OA
A(P,Q : Point) :
—
(P GAoAl)/\

(Q €ByB1)A
V(S : Point) :
interior(S, /B PQ) =
—

N
(PSNQA;) #
)
ENDASSUMING
ParallelSymmetry : THEOREM
A (A(),Al,B(), Bl : POth) :
directedparallel (Ag, A1, By, B1) < directedparallel (Bg, By, Ag, A1)

END Lobachevsky
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B Proofs

B.1 Line symmetry

Verbose proof for LineSym.
LineSym:

—

‘ {1} V(A,B: Point): AB=BA
Applying OnlyLine
where
LineSym:
{-1} (V (A, B: Point,l: Line):
(Aeh)A(Bel)=
—
l=ABV A= B)

— —
| {1} V(A,B: Point): AB=BA
Applying LineExists
where

LineSym:

{-2} (V (A,B: Point,l: Line):
(Aeh)A(Bel)=

—
1=ABV A = B)

{-1} (Y (A,B: Point): (A €AB)A (B €AB))

{1} V(A,B: Point): AB=BA

Trying repeated skolemization, instantiation, and if-lifting,

This completes the proof of LineSym.
Q.E.D.
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B.2 Segement self-congruency

Verbose proof for SegmentSelfCongruent.
SegmentSelfCongruent:

‘ {1} V(A,B: Point): AB~ AB

SegmentSelfCongruent:

‘ {1} V(A,B: Point): AB= AB

Skolemizing,
SegmentSelfCongruent:

(i} A5 =4D

Applying CongruentExtension
where

SegmentSelfCongruent:
{-1} (V (A,R: Point,s: Segment) :
3 (B : Point) :

- —
s> ABA (B €AR))
\ {1} A B =2ADB

Instantiating the top quantifier in -1 with the terms: Al!l
, B!l
LA
?

SegmentSelfCongruent:
{-1} 3 (B: Point) :
A'B’ = A'BA
—
(BeA'B')
{if aBp=aB

For the top quantifier in -1, we introduce Skolem constants: C!1

SegmentSelfCongruent:

{-1} AB 2ATA
—

(C' €A'B')

(i} AB=ap

Applying disjunctive simplification to flatten sequent,
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SegmentSelfCongruent:

{1} AB~ACT
{-2} (C'ea'B)
{1} AB=aAp

Applying CongruentTransivity
where
SegmentSelfCongruent:
{-1} (V (s1,82,53 : Shape) :
81§82/\82g83=>81§83)
{-2} AB >2AC
_
(-3} (C'eA'B)
‘ {1} A'B >2ADB

Instantiating the top quantifier in -1 with the terms: A'B’
, AC”
AR
?

SegmentSelfCongruent:

{-1} AB ~ACA
AC" 2 AR =
AR = AR’
{-2} AP >AC
—
{-3} (C'ed'B)
{1} A'B'~2A'DB

Applying propositional simplification and decision procedures,

SegmentSelfCongruent:

(1} AB>TC
{2} (C'eA'B)
{1} AC=AF
{2} A =AH

Applying CongruentSymmetry
where

SegmentSelfCongruent:
{-1} (V (51,82 : Shape): s; X sy & 59 2 57)
{-2} A'B' =AC
—
(3} (C'ed'B)
{1} AC =AP
{2y AB =AF
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Instantiating the top quantifier in -1 with the terms: A’C”
L AD
?

SegmentSelfCongruent:

{1} ACO=AF &
AB = A0
(2} AB=AC
—
(3} (C'eA'B)
{1} AC=ADB
{2} A =AH

Applying propositional simplification and decision procedures,
This completes the proof of SegmentSelfCongruent.
Q.E.D.
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B.3 Segment as intersection of rays

Verbose proof for SegmentFromRay.
SegmentFromRay:

{1} V (A,B: Point):
_ — —
A# B= AB=(AB N BA)

Skolemizing,

SegmentFromRay:

{1} A #B =
— —
AB’ = (A'B' N B'A")

Adding extensionality axioms for type: Shape

SegmentFromRay:

{-1} (V (£31: Shape,g-32: Shape) :
(V (x33: Point) : £31(x.33) = g-32(x-33)) D
£31 = g_32)
{1} A #B =
— —
AB = (A'B' N B'A)

Instantiating the top quantifier in -1 with the terms: A’B’
— —

, (A’B'n B'A")

9

SegmentFromRay:

{-1} (v (x-33 : Point) :
AT (x.33) =
(A'B'0 B'A")(x.33)) >
A = (AB' N BA)
{1} A #B =

— —
A'B = (A'B'nB'A)

Applying propositional simplification and decision procedures,

SegmentFromRay:

{1} (¥ (x33: Point) :
A'B'(x.33) =
(A’B' N B'A")(x.33))
{2} A=p
{3} A'B'=(A'B'nB'A)
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For the top quantifier in 1, we introduce Skolem constants: x

SegmentFromRay:

|
(1} AB(a) = (A'B' N B'A")(x)
(2} A=p

ATR! — T>/ T>/
{3} A'B'=(A'B'nBA)

Applying SegmentOrder
where

SegmentFromRay:

{-1} (V (A,B,C: Point) :
(C € AB)A
C#ANC#BANA#B=
(-(B € AC))A
(2(A€BO)
{1} A'B'(z) = (A'B'n B'A")(z)
{2} A'=p

(3} AB = (4B NBA)

Instantiating the top quantifier in -1 with the terms: All
B!1
?

5 X
Y

SegmentFromRay:

{-1} (z€ A’B)A
r#Z A Nx#B NA #B' =
(=(B' € A'x))A

((A'€Bw)
{1} AB'(z) = (A'B'n B'A")(z)
(2} 4=p

(3} AB = (4B NBA)

Applying RayDef
where
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SegmentFromRay:

{-1} (V(A,B,C: Point):
(C €AB) &
(CeAB)V (B € AC))
{-2} (z€ A'B)A
x# ANz £ B ANA £ B =
(=(B' € A'z))A

W)
{1} A'B'(z) = (A'B'n B'A")(x)
{2} A'=p

(3} AB =(A'B'nBA)

Instantiating (with copying) the top quantifier in -1 with the terms: All
, Bl1
, X
?

SegmentFromRay:

{-1} (V (A,B,C: Point):
(C €AB) &
(C € AB)V (B € AC))
{2} (ze€d'B)&
(xr € A’B’)V (B' € A'z)
{-3} (z€A'B)A
r# ANz #B NA #B' =
(~(B' € A’z))A

(~(A’ € B'z))
{1} A'B'(z)=(A'B'n B'A")(z)
{2} A'=D

(3} AB =(A'B'nBA)

Instantiating the top quantifier in -1 with the terms: B!1
, All
, X

i
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SegmentFromRay:

{-1} (@ eB'A)s
(z € BPA") Vv (A’ € B'z)
{-2} (= EA'&@ L
(z € A’B')V (B € A'x)
(3} (€ FT)A
x#2 A Ne#B NA #B' =
(~(B' € )

(~(4’ € B'x))
{1} AB'(z)=(A'B'n B'A")(x)
(2 A =8

{3} AB =(A'B'nBA)

Applying SegmentSymmetry
where

SegmentFromRay:

{-1} (VY (A,B: Point): AB = BA)

{2} (@eB'A)s
(z Eﬁ) V(A" € B'z)
{-3} (ed'B)s
(z € A'B')V (B' € A'x)
{-4} (z € A’B")A
r#Z A Nx#B NA #B' =
(—(B' € A’x))A

(A €Bw)
{1} AB'(z) = (A'B'n B'A")(x)
(20 A=p

AR — _’_>I _I—>l
{3} A'B'=(A'B'nB'4A)

Instantiating the top quantifier in -1 with the terms: Al!l
B
?

)
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SegmentFromRay:

(1} FE=TA
{-2} (zeB'A)s
(z € B’A") v (A' € B'z)
{-3} (z€d'B)e
(x € A’B)V (B' € A'z)
{-4} (z € A’B")A
r# A ANx#B NA #+B' =
(—(B" € A’z))A
(=(A' € B’j)) _
{1} A'B'(z) = (A'B'n B'A")(z)
{2} A'=p
{3} AB =(AB'nBA)

Applying disjunctive simplification to flatten sequent,

SegmentFromRay:

{-1} A'B"=B'A
(2} (2 €BA)>
(z € B'A") Vv (A’ € B'z)
{3} (z€BA)V(A'€Bx)D
(r €B'A")
{-4} (z€A'B")>
(r € A’B")V (B' € Alx)
{-5} (z¢€ @) V(B € Az) D
(z €A'B’)
{-6} (z€ A'B)A
£ A ANz#B ANA'#B' =
(~(B' € A’z))A

(4 € B2
{1} A'B'(z) = (A'B'n B'A")(x)
{2} A =p

— —
{3} AB =(AB'nBA)
Case splitting on A’'B’(z)

we get 2 subgoals:

42



SegmentFromRay.1:

{-1} A'B'(x)
(2} AT -FA
(-3} (zeBA) >
(x € B’A")V (A" € B'x)
{-4} (2 €BA)V(A €Bx)D
(z €B'A")
{-5} (z€A'B")>D
(z € A’B')V (B' € A'z)
{-6} (z€ A’_B’) V(B € A'z) D
(r €A'B")
{-7} (€ A’B"A
r#ZA Nx#B NA # B =
(~(B" € A'z))A
(—(4' € Bl)) _
{1} A'B'(z) = (A'B'n B'A")(z)
{2} a=p
(3} AH = (AB'nBA)

Trying repeated skolemization, instantiation, and if-lifting,

This completes the proof of SegmentFromRay. 1.

SegmentFromRay.2:

{-1} A'B'=B'A"
{-2} (zeB'A)>D
(r € B'A") Vv (A’ € B'z)
{3} (@eBA)V(A€Bw)D
(z €B'A")
{-4} (z€A'B") D
(r € A’B’)V (B' € A'z)
{-5} (z¢€ @) V(B' € A'z) D
(v €A'B")
{-6} (z€ A'B")A
r#AANx#B NA #+B' =
(~(B" € A’z))A
(~(A" € B'x))
iy A
(2} AB(z) = (A'B' N B'A)(x)
{3} A'=p
(4} TH =(AB'nBA)

Expanding the definition of intersection
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SegmentFromRay.2:

(1} TF=FA
{-2} (zeB'A)D L
(zx € B'A") Vv (A’ € B'z)
{-3} (ze€ B’—é:) V(A'€ B'z) D
(v €B'A")
{4} (2€a'B)> o
(zr € A’B')V (B' € A'x)
{-5} (ze€ Al—li:) V(B € A'z) D
(x €A'B')
{-6} (x€ A'B")A
rZ2A Nz #B ANA 4B =
(~(B' € ATx))A
_(—|(A’ € B'z))
{1} Ai’(.’l,’)
{2} (A’B’(acE -
(x €A'B'Y A (z €B'A"))
{3} 4A'=p
{4} (A'B =
{z : Point |

—

(2 €A'B') A (w €B'AY)

Expanding the definition of member

SegmentFromRay.2:

{-1}
{-2}
{-3}
{-4}
{-5}
{-6}

A'B'=B'A’

(B'A' (x) > (B&(x) vV BT (A"))

(BT (o) v BTo(4) DB'A' (2)

(A'B' (x) > (A B(a) v A(B"))

(AT () v AT (B') SA'B' ()

(AB(z) Nz £ A' Nz £ B') =
(~AT2(B) A (~Ba(4)))))

{1}
12}
{3}
{4}

A'B'(z)
@B () = (A'B' () B'A' (2)))
A =D
(A'B’ =
{z: Point | (A'B’' (z)A B'A’ (z))})

Replacing using formula -1,

44



SegmentFromRay.2:

(-1} TBF =FA
{-2} (B4 (2) > (B'A'(w) v B'(A)))
{-3} B’A’ 2)V BTH(A) SB'A' (x))
(4} (B (2)> B’A’(l)VA’ (B')))
(-5} (BA () vV Aw(B') SA'B' ()
{-6} ((B'A’()/\m;éA’/\waéB):

(A"5(B")) A (~B'5(A))))
{1} B'A(x) . -
{2} (B’A’'(z) = (A’B' (z)A B'A’ ()))
(3} A'=B
[ (A= )
{z : Point | (A'B’ (z)A B'A’ (2))})

Replacing using formula 1,

SegmentFromRay.2:

{1} TB=FF

{-2} (B A' (z) D (FALSE v B’ :(A")))

{-3} ((FALSEV B'z(A")) OB A’ (z))

{-4} (A'B' (z) D (FALSE Vv A’J(B )

{-5} ((FALSEV A’z(B")) DA'B' (x))

{-6} (FALSEAz # A" Az # B') =
((mA'z(B")) A (=B'z(4))))

{1} B'A'(z) . .

{2} (FALSE = (A'B’ (z)A B'A’ (2)))

(3} A=p

{4} (BA= )
{z: Point | (A’B’ (z)A B'A’' (2))})

Applying propositional simplification and decision procedures,

SegmentFromRay.2:

{-1} i’_l)?’ (z)
{-2} AE()B')
{-3} i’A’ (z)
{-4} B'z(4")
{-5} A'B'=DBA’
{1} B'A(x)
{2} A/ — B/
{3} BA= _
{z : Point | (A'B’ (z)A B'A’ (2))})
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Applying SegmentOrder

where

SegmentFromRay.2:

{-1} (V (A,B,C: Point) :

(C € AB)A
C£ANC#BANA#B=
(—(B € @/\

(B4 € BO))

(2 AR )

{3} wam)

(4} BA W

(5} Baa)

(6} XD =BA

{1} B'A(x)

{2} A'=p

B} - )
{z : Point | (A’B’ (z)A B'A’ (2))})

Instantiating the top quantifier in -1 with the terms: All
y X
Bl
?

SegmentFromRay.2:

{-1} (B’ € A'z)A
B ' £AANB #zANA #z=
(= € FBYA
_()—|(A’ € zB'))

{-2} i’B' (z)

{-3} AE()B')

{-4} i’A’ (z)

(-5} Da(4)

{-6} A'B'=DA'

{1} BA'(z)

P} A-p

{3y @a= .
{z : Point | (A'B’ (z)A B'A’ (2))})

Trying repeated skolemization, instantiation, and if-lifting,
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SegmentFromRay.2:

{-1}
{-2}
{-3}
{-4}
{-5}

—_—

A'B' ()
Alz(B)

—

B'A' (z)
B'z(A)
A'B’ = BTA’

{1}
12}
{3}
14}
{5}

(z € B'A")
zB'(A")
B'Al(z)
A =B
(BTA" =
{z : Point | (A’B’ (z)A B'A’ (2))})

Applying SegmentSymmetry

where

SegmentFromRay.2:

{-1}
{-2}
{-3}
{-4}
{-5}
{-6}

(V (A,B: Point) : AB = BA)
—

A'B’ (z)

(B
—

B'A' (x)

Ba(4')

TF =57

{1}
{2}
13}
14}
15}

(z € W)
xB'(A")
AI — B/
(BT =
{z : Point | (A'B’ (z)A B'A’ (z))})

Instantiating the top quantifier in -1 with the terms: B!l

y X

?
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SegmentFromRay.2:

{-1} B'z=2zB
{-2} A'B'(z)
{-3} AE()B')
{-4} B'A’ (z)
{-5} Bz(4)
(6} AT =TA

{1} (z€B'A)
) W
{3} DB'A(z)
{4} A'=p
{} (A=
{z: Point | (A'B' (z)A B'A’ (z))})

Replacing using formula -1,

SegmentFromRay.2:

(1} Br=ib
{-2} i’B/ (z)
(3 Awm)
(4} BA W)
(5 B
(6} AT -TA

{1} (zeB'A)
P} )
B3} AW
{4} A' =D
{5} (B'A'=
{z : Point | (A’B’ (z)A B'A’ (2))})

which is trivially true.

This completes the proof of SegmentFromRay. 2.
Q.E.D.
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B.4 Dividing a Segment

Verbose proof for SegmentDivision.

SegmentDivision:

{1} V (A,C: Point):
A#£C =
(D : Point) :
D#AAD#CA(DE€AC)

Skolemizing,

SegmentDivision:

{1} A#£C=>
3(D : Point) :
D#£AAND#C N(DeAC

Applying ThreePoints
where

SegmentDivision:

‘ {-1} (V(I: Line): 3(C: Point): —=(C €1))
{1} A #C >
(D : Point) :
D#A'AND#C' N(DeAC

—
Instantiating the top quantifier in -1 with the terms: A'C’

SegmentDivision:

>
‘ {-1} 3 (C: Point): =(C €A'C")
{1} A #C=>
(D : Point) :
D#AAND#C' N(DeAC

For the top quantifier in -1, we introduce Skolem constants: E

SegmentDivision:

{1} (E€A'C)
{2} A#C >
(D : Point) :
D#AAND#C AN(DeAC

Applying SegmentExtension
where
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SegmentDivision:

{-1} (V (A, B : Point) :
3 (C: Point) :
(Be AC)ANC #BAC # A)
{1} (EeA'C")
{2} A #£C0=
3(D : Point) :
D#AAND#C' A(De AC)

Instantiating (with copying) the top quantifier in -1 with the terms: A!l
, E
)

SegmentDivision:

{-1} (V (A,B: Point) :
3 (C: Point) :
(BEAC)ANC#BAC# A)
{-2} 3 (C: Point) :
(E€ AIC)NC#ENC #A
{1} (EeA'C)
{2} A#£C0=
A(D : Point) :
D#AAND#C' N(DeAC

For the top quantifier in -2, we introduce Skolem constants: F

SegmentDivision:

{-1} (V (A,B: Point) :
3 (C: Point) :
(BEAC)ANC#BAC # A)
{2} (E€AF)ANF#+EANF#A
{1} (EeA'C)
{2} A #C >
(D : Point) :
D#AAND#C' AN(DeAC

Instantiating the top quantifier in -1 with the terms: F
, Ch
)

SegmentDivision:

{-1} 3 (C: Point) :
(C"e FC)NC#C'ANC#F
{2} (E€AF)AF#EANF#A
{1} (EeA'C")
{2} A #£C0=
3(D : Point) :
D#AAND#C' A (De AC)
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For the top quantifier in -1, we introduce Skolem constants: G

SegmentDivision:

{-1} (C"eFGOANG#C' NG#F
{2} (E€EAF)NF£EANF#A

{1} (EeA'C)
{2} A #C =
(D : Point) :
D#AAND#C'A(De AC)

Applying TriangleIntersection
where

SegmentDivision:

{-1} (V (A,B,C: Point,l: Line):
(3 (D : Point) :
(D€ (ABNI)A
D#AAND#B)=
A(E : Point) :
(E €
((ACU
BC)N
DA
E#ANE# B)
{2} (C"eFG)ANG#C'ANG#F
{3} (E€EAF)NF£EANF#A
{1} (EeA'C)
{2} A#£0=
3(D : Point) :
D#AAND#C' A (De AC)

Instantiating the top quantifier in -1 with the terms: A!l
, F
, Cch
>
. EC

Y
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SegmentDivision:

{-1} (3 (D : Point) :
(D € (ATFn EG))A
D#£AAND#F)=
A(E : Point) :
(E €
((A'C"u
FCN
EC)A
E#ANE#F
{2} (C"eFG)ANG#C'ANG#F
{3} (E€AF)ANF+ENF#A
{1} (EeAC)
{2} A #C0 >
(D : Point) :
D#AAND#C' AN(DeAC

Splitting conjunctions,
we get 2 subgoals:

SegmentDivision.1:

{-1} 3 (E: Point):
(E €
((A'C'U
FCHN
EG)A
E+£ANE+F
{2} (C"e FG)ANG#C'ANG#F
{3} (E€AF)AF+ENF#A
{1} (Ee€A'C")
{2} A#£C=
(D : Point) :
D#AAND#C' AN(DeAC

For the top quantifier in -1, we introduce Skolem constants: E!l

SegmentDivision.1:

-1 Ee
((A'C'"U FCHN
EG)A
E#£AANE #F
{2} (C"eFGOAG#C'NG#F
{3} (E€AF)AF#EANF#A
{1} (BeaC)
{2} A #£C0=
3(D : Point) :
D#AAND#C' A (De AC)
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Applying disjunctive simplification to flatten sequent,

SegmentDivision.1:

{-1} (£'€

(AT UFCHN EG))
{-2} (C'eFG)
{-3} (E€AF)

1 z=A
(2} E=F
3} G=c
4} G=r
(5] F=—E
6} F=aA
(7} (EeAc)
(8} a=c

{9} 3 (D: Point) :
D#AAD#C' A(DeAC

Instantiating the top quantifier in 9 with the terms: E!1

SegmentDivision.1:

{-1} (&€
(AT UFCHN EG))
{2} (C'eFaG)
{3} (BT
1 F=a
2 B=F
3) Gg=c
4} ¢=r
(5 F=F
(6} F=a
(7} (BEeAC)
8y A =c
{9} E #AANE #C'AN(E' € AC)

Expanding the definition of intersection
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SegmentDivision.1:

{1} (&€
{z : Point |
(z € ({1_’)0' UFC"))A
(zr €EG)})
{2} (C'€FG)
{3} (E€AF)
1y =4
{2} E=F
3} G=c
44 G=F
{5} F=E
{6} F=A4A
{1} (Eeac
{8} a=c
{9} E #£ANE #C'ANE €AC)

Expanding the definition of union

SegmentDivision.1:

[y e
{z : Point |
((z €
{z : Point |
(z € AIC"V
(:c{_E}FC’)})/\
(x €BG))})
{-2} (C'" € FG)
{3} (BeTF)
{1} E =4
{2} E=F
{3} G=C
{4} G=F
{8} F=E
(6} Fu
{1} (Beac)
(8} A=c
{9} E #AANE #C'ANE €AC)

Expanding the definition of member
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SegmentDivision.1:

(-1} (ACT(E)vFC(E)A EG (B)
{2} Fac)

{3} AF(&E)

{1} B =4

{2y E=F

{3} G=c

{40 G=F

{5} F=E

{6} F=4A

(1} AC (B

{8} A=

{9} (B'#ANE£C'A A’_C”(E’)))

Applying disjunctive simplification to flatten sequent,

SegmentDivision.1:

{-1} @C(E)VFC(E))
{2} BG(®)

{-3} FG(C)

{4} AF(E)

{1} E =4

{2V E=F

3} G=c

{4} G=F

{5} F=E

{6} F=4A

{1} A (®)

8} a=c

(9} (B #ANE #CANTCE))

Splitting conjunctions,

we get 2 subgoals:
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SegmentDivision.1.1:

{-1} 4 C(E)
{2} EC(E)
{3} Fa(C)
{4} AF(E)
ay B=4a
(9 E=F
(3} a=c
{4} G=F
(5} F=E
6y F=a
(1 AC (B)
(8} a=c
(9} (B #A'N(E #C NAT(E))

Replacing using formula -1,

SegmentDivision.1.1:

(1} TTE)
{2} EG(E)
[} TG(C)
{4} AF(E)
1} F=A
2} E=F
3}y ¢g=c
{4} G=F
(5} F=E
(6} F=4
{1y A @)
8y a=c
{9} (E'#A'A(E' #C'ATRUE))

Applying propositional simplification and decision procedures,
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SegmentDivision.1.1:

(1} B =
{2} @C(E)
{3} EG(E)
{-4} FG(C")
{5} AFE)
{1} E=4
{2} E=F
{3} G=c
{4} G=F
{5} F=E
{6} F=a
{1y AcC (B
{8} A=

Replacing using formula -1,

SegmentDivision.1.1:

(1} E=cC
{2} @O
{-3} EBG(C)
{-4} Fa
{-5) @F(E)
1y =4
{2} C=F
3y Gg=c
{4} G=F
{5\ F=F
{6} F=4A
{1} AC(®)
{8} a=c

Hiding formulas: -1, -2,

SegmentDivision.1.1:

{1} EG(C)
{2} FG(C)
{3} AFE)
1y =4
{2} C'=F
(3} a=c
{4} G=F
(5} F=E
{6} F=4
7y AC (B
(8} A=c




Applying SegmentOnLine
where

SegmentDivision.1.1:

{-1} (VY (A,B: Point): (AB §:4—>B))
{2} EG(C)
{-3} FG(C)
{-4} A'F(E)
1 c=a
(2} ¢=F
3} ¢=c
(4} G=F
(5} F=8
6} F=a
(7} AC(EB)
(8} a=c

Instantiating (with copying) the top quantifier in -1 with the terms: F
, G
)

SegmentDivision.1.1:

{1} (Y (A,B: Point): (AB CAB))
{2} (FGCFO)
{3} BG(C)
-4} FO(C)
{-5) AF®E)
1y =4
{2} C=F
3y G=c
{4}y G=F
{5\ F=E
{6} F=aA
{1y A @)
(8} a=c

Instantiating the top quantifier in -1 with the terms: All
F
?

?
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SegmentDivision.1.1:

(-1} (FF CA'F)
(-2} (FGCFG)
{3} BC(C)
(-4} TG
{5} A'F(E)
{1} =4
{22 ¢=F
3} ¢=c
{43 G=F
{5} F=E
{6} F=4
(1} AC (B
{8} A=

Trying repeated skolemization, instantiation, and if-lifting,

SegmentDivision.1.1:

{1} AF(B)
{2} FG(C)
{3} EG(C)
{4} FG(C)
{-5} AF(E)
1} =4
{2} ¢=F
(3} a=c
{4} G=F
{5} F=E
{6} F=2A
{1} AC ()
8} A=c

Hiding formulas: -4, -5,
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SegmentDivision.1.1:

(-1} AF(B)
{2y FG(C)
{3} BG(C)
{1} =4
{2} Cc=F
3} e=c
{4} G=F
{5} F=E
{6} F=aA
{1} AC (B
{8} A=c

Applying OnlyLine
where

SegmentDivision.1.1:

{-1} (V (A,B: Point,l: Line):

(Aelh)An(Bel)=
I=ABV A=B)

{2} AF(®)

{-3} FG(C)

(-4 EG(C)

=4

(20 ¢=F

31 g=c

1) g=r

{5} F=E

60 F=4a

(1Y AC (B)

8l A=

Instantiating (with copying) the top quantifier in -1 with the terms: G
Ccl
)

>
, FG

i
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SegmentDivision.1.1:

{-1} (V (A,B: Point,l: Line):

(Aeh)A(Bel)=
]=ABV A = B)

(-2} (G EFG)A(C' €FC) =
FG=GC'VG=C"

{-3} AF(B)

{4} Fa ()

{5} EG(C)

1y o=a

2 ¢=rF

31 g=c

4 G=r

(51 F=E

61 F=a

{1} 4Cm)

(8 a=c

Instantiating (with copying) the top quantifier in -1 with the terms: G
,Cn
—
, BG
?

SegmentDivision.1.1:

{-1} (V (A,B: Point,l: Line):
(Aeh)A(Bel)=
l=ABV A= B)
— <
{-2} (G €EG)A(C' €EG)=
—
EG=GC'VG =
— —
{-3} (G E€FG)A(C'€FG)=>

— —
FG=GC'VG=C

{4} AF(B)
(-5} FG(C")
{-6} EG(C)
{1} =4
{2} C=F
3} Ga=c
{4} G=F
{5} F=E
{6} F=4
1} AC )
(8} a=c
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Instantiating (with copying) the top quantifier in -1 with the terms: F

SegmentDivision.1.1:

{-1} (V (A, B: Point,l: Line):
(Aeh)A(Bel)=
—
l=ABV A= B)
— —
{-2} (FeAF)AN(E€AF)=
A'F:F<’—E> VF=E
— —
{-3} (G €EG)A(C'€EG)=
—
EG=GC'VG=C"
{-4} (G €FG)A(C' €FG) =
—
FG=GC'VG =

{5} AF(B)
(-6} FG(C)
(-1} EBG(C)
1}y =4
{2} ¢ =F
3}y ¢=c
{4} G=F
{5} F=E
{6} F=a
(7} AC(EB)
8} a=c

Instantiating (with copying) the top quantifier in -1 with the terms: F
E
?

—
, GC'

Y
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SegmentDivision.1.1:

{-1} (V (A,B: Point,l: Line):
(Aeh)A(Bel)=
l1=ABV A = B)
— —
{-2} (FeGC')A(E€GC") =
— —
GC'=FEVF=E
— —
{-3} (FeAF)AN(E€e€AF)=>
— —
A F=FEVF=F
{-4} (G €EG)A(C' €EG)=
— —
EG=GC'vVG=C"
— —
{-5} (G EFG)A(C' €FG) >
— —
FG=GC'VG ="'

{6} AF(B)
{-7} FG(C)
(8}  EG(C)
{1} =4
{2} C'=F
{3} G=C
{4} G=F
{8} F=E
{6} Fr=4
{7} A'C'(E)
{8} A=
Instantiating the top quantifier in -1 with the terms: All
, Cn
, A'F

’
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SegmentDivision.1.1:

{-1} (A efﬁ?) A(C! efﬁ:") =
— —
AF=A'C'VA ="'

— —

{-2} (FeGC")A(E€eGC") =

GC'=FEVF =E
— —

{-3} (FeAF)AN(E€AF)=>
— —
A'F=FEVF=E

— —

{-4} (G €EG)A(C' €EG)=
— —
EG=GC'VG=C

— —

{-5} (G eFG)A(C' €FG) =
FG=GC'VG=C"

—

{6} A'F(E)

—
(-1} FG(C)
—

{-8} EG(C)

{1} =4

{2} C=F

{3} G=C

{4} G=F

{5} F=E

{6} F=4A

{7} A'C'(E)

{8} A'=C

Expanding the definition of member
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SegmentDivision.1.1:

(-1} (GC'(F)AGC (B)) =
GC'=FE)

{2} (A'F(F)= ANF=FE)

(-3} (EG(G)= BG=GC")

{4} (PG (G)= FG=GC")

{5} AF(B)

(-6} FG(C)

(-1} BG(C)

{1} (AF (A)A A'F (C))

2 =4

31 C¢=r

1 a=c

(5) a=r

6} F=E

7V F=4A

{8} AC(B)

{9y a=c

Applying LineExists

where

SegmentDivision.1.1:

{-1}
{-2}

{-3}
{-4}
{-5}
{-6}
{-7}
{-8}

(V (A, B: Point): (A €AB) A (B €AB))
(GC' (F)A GC' (B)) =
GC'=FR)
(ﬂ (F) = ﬁ:ﬁ)
(EC (G) = EC=GC")
(FG (G) = FG=GC")
A'F (E)
FG ()
EG (C)

{1}
{2}
{3}
{4}
{5}
16}
{7}
{8}
{9}

(A'F (AN A'F (C"))
CYI:AI
C'=F
G=C
G=F
F=FE
F=A
—
A'C' (E)
A =C
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Instantiating (with copying) the top quantifier in -1 with the terms: E
, G
?

SegmentDivision.1.1:

{1} (V(A.B: Point): (A €AB) A (B €AB))
(-2} (EEEG)/\(GEEC)

(3} (G0 )A GC' (B)) =

0(" FE)

{4} (A’F (F) = A'P=FE)

{5} (BG(6) = BG=GC)

(-6} (FG FC (G) = FG=GC)

(7 A ®

{-8}  FG(C)
{9} k)
{1}  (A'F (A)A A'F F(C)
21 =
(3} c=r
M a=c
(5} G=F
6} F=E
n F=u
81 AC (B)
o a=c

Instantiating the top quantifier in -1 with the terms: F
G
?

?
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SegmentDivision.1.1:

{-1}
{-2}
{-3}

{-4}
{-5}
{-6}
{-7}
{-8}
{-9}

(F €FG) A (G €FG)

(E €EG) A (G €EG)

(GC' (F)A GC' (B)) =
GC'=FE)

(A'F (F) = A F=FE)

(BC (G) = BC=GC")

(FC (G) = FG=GC)

AP ()

FG (C")

EC (C")

11}
{2}
13}
{4}
15}
{6}
{7}
18}
19}

Expanding the definition of member

(A'F (A)A A'F (C"))
CIZA/
C'=F
G=C'
G=F
F=E
F=A
—
A'C' (E)
A=
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SegmentDivision.1.1:

{1} (FG (F)A G (@)
{2} (BG (B)AFG (@)
(3} (GO (1A GC (8) =
GC”— )

{4} (AF(F)= AF=FE)
(-5} (EG (G ):>EG GC)
(-6} (FC (G) = FG=GC")
{7} AF(B)

{-8) FG(C)

1818l

{(-9) EBG(C)

{1} (AF (A)AAF (C)
{2} o =4

{3} C=F

{4y G=c

{5} G=F

{6} F=E

{717 F=A

{8} aC @)

{9} a=cC

Applying disjunctive simplification to flatten sequent,
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SegmentDivision.1.1:

{1}  FG(F)
{2} PG (@)
(-3} EG(B)
-y  EBG(©)
{5} (GC'(F)AGC (E) =
GC'=FE)
(-6} (A'F(F)= A'F=FE)
(-1} (BG(G) = BG=GC")
{8} (FG(G)= FG=GC')
(9} AT (B)
{110} FG (C")
(11}  EG (")
{1} (AF (AN AR (C)
20 =4
{3y C'=F
44 Ga=c
{5} G=F
6} F=F&
{7}y F=4
{8} AC(B)
9 a=c

Repeatedly applying the replace rule,
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SegmentDivision.1.1:

{1} FG(F)
(2} FG(G)
(-3}  EG(E)
(-4}  EG(G)
{5} (GC'(F)AGC (E) =
GC'=FE)
(-6} (AF (F)= AP=FE)
(-7} (TRUE = BG=GC")
(-8} (TRUE = FG=GC")
(-9} A'F(B)
{-10} FG(C")
(11}  EG (")
{1} (AF (A)A A'F ("))
{2} C'=4A
31 c=F
{4} G=C
51 G=F
6} F=F&
{7}y F=4
{8 AC'(B)
0 a=c

Simplifying with decision procedures,
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SegmentDivision.1.1:

(-1} FG(P)
{2} FG(@)
(-3} EG(B)
(-4}  EG(G)
(-5} ((GC' (F)AGC' (B)) =
GC'=FE)
(-6} (AF (F)=> A'F=FE)
(-7} EG=GC'
(-8} FG=GC'
(-9 AF(B)
{-10} FG(C)
{11}  BG(C)
{1} (A'F (A)A A'F (C)
{2y o=
3y C=F
4y a=c
{5} G=F
6} F=F
M r=A
{8 ac (B
{9}y a=c

Repeatedly applying the replace rule,
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SegmentDivision.1.1:

(1} o (p)

{2} GC'(@)

(3} GC'(B)

{4}  GC' (@)

{5} ((GC' (FAGC' (B) =
GC'=FE)

(-6} (AF (F)= AF=FE)

—

(-7} EG=GC'
(-8} FG=GC'

(9} AF (B
(10} Gc' ()

(1} (AF A\ AF (C)

{2} cC' =4
{3y C'=F
{4} G=C
{5} G=F
{6} F=E
{1} F=A4
{8} ac ()
{9} A=
Applying LineExists

where A

gets All

. B

gets F

i
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SegmentDivision.1.1:

{-1} (A ef4’_1>?) A(F eA(’_J:“)
(2} o @)
{3y G0 (@
{4} Gc (B)
(5} GC' (@)
(-6} ((GC' (F)A GC' (B) =
GC'=FE)
(7} (A'F(F)= AF=FE)
(-8}  EG=GC'
(-9} FG=GC'
(-10}  A'F (E)
(11} G ()
{1} (AF (AN A'F (C)
2y ' =a
3y C=r
{4} G=C
(5} G=r
6} F=E
1 F=a
(8}  AC(E)
9y a=c

Trying repeated skolemization, instantiation, and if-lifting,

This completes the proof of SegmentDivision.1.1.

SegmentDivision.1.2:

{1} FoUB)
{2} BG(®)

{3} Fa(C)

{4} AF(E)

{1} B =4

{2} E=F

{3} G=c

{4} G=F

{5} F=E

{6} F=4

(1} AC(B)

{8} A=

{9} (E'#AN(E #C NAC(E)))

Case splitting on £/ = G
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we get 2 subgoals:

SegmentDivision.1.2.1:

{1} E=¢
{2} FO(E)
{3} BG ()
{4} FG(C)
{-5} AF(E)
1} E=4
{2} E=F
{3} G=c
{4} G=F
{5} F=E
{6} F=4
{1} AC (B
(8} a=c
{9} (B #£ANE #C NTT(E)))

Replacing using formula -1,

SegmentDivision.1.2.1:

(1} B=¢
{2} FC(G)

{3} EC(G)

[} TG

{5} AF(E)

1 a=a

(2} =

(3} a=c

{4y G=F

(5} F=E

6} F=a

71y AC (B

(8} A=c

{9} (G#A'A(G#C ATT(G)))

Applying SegmentOrder

where
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SegmentDivision.1.2.1:

{-1} (V (A,B,C: Point) :
(C € AB)A
C#ANC#BAA#B=
(=(B € AC)A
(~(4 € BO)))
{2} E=¢G
{3} FC(G)
{4} BG(G)
{-5} FG(C)
{-6} A'F(B)
{1} G=4
{2} G¢=
{3} G=c
{4} G=F
{5} F=E
{6} F=4
{1} Acm)
{8} A=
{9} (G#ANG#C NATC(R)

Instantiating the top quantifier in -1 with the terms: F
, CN
, G
?

SegmentDivision.1.2.1:

{-1} (G e FC")A

G#FANG#C'ANF#C =
(=(C" € FG))A

(=(F € C'G))

{-2} EF'=aG

{3} FC(G)

{4} EC()

{5} FG(C)

{6} AF(E)

{1} G=4

{2} G=F

31 G=c

{4} G=F

5\ F=E

6} F=4a

{1y ac @)

81 A=c

{9} (G£A'NG#C NAT(G)))

Trying repeated skolemization, instantiation, and if-lifting,
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SegmentDivision.1.2.1:

1} F=cC
(2} B=¢g
{3} 0@
{4} EG(G)
5} TG
{-6} AC'(B)
I a=4
2 a=c
3] =8
{4} o =a
(51 AC (B)
6 A=c
n Ao

Applying SegmentOnLine
where

SegmentDivision.1.2.1:

{-1} (V (A,B: Point): (AB CAB))
{-2} FP=C

{-3} E'=G

(4 T

(5} EG(@)

{-6} C'G(C)

{1 Fouwm

{1} G=4
{22 c¢=c
{3} C¢=E
{4} =4
{5} AC (B
{6} A=c
{1} AC(G)

Instantiating the top quantifier in -1 with the terms: All
Cl1
?

’
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SegmentDivision.1.2.1:

{-1}
{-2}
{-3}
{-4}
{-5}
{-6}
{-7}

(ATCT CA'C")
F=C'

E' =G
C'C'(G)

—

EG (G)
C'G(C")
A'C(E)

{1}
12}
{3}
{4}
{5}
16}
{7}

G=A
G=C'
C'=E
Cl — A/
—

A'C' (E)
A=
AC(G)

Trying repeated skolemization, instantiation, and if-lifting,

This completes the proof of SegmentDivision.1.2.1.

SegmentDivision.1.2.2:

-1 Fo(E)
(-2} BG(E)
{-3} FG(C)
{4} AF®E)
{1} F=¢
{2}y E =4
{3y E=F
{4y G=C
{5y G=F
{6y F=E
{1y FP=4
{8} 4C(B)
{9y a=c
{10} (B'# A N(E #C' NAC(E)))

Applying SegmentOnLine

where
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SegmentDivision.1.2.2:

{-1} (V (A, B: Point) : (AB (;1{4—)))
{-2} FC(E)

(-3} EBG®)

{4} FEC)

{-5} A'F(E)

{1} F =G

{2} FE =4

{3} E'=F

{4} G=C

{b} G=F

{6} F=EFE

{7} F=4A

{8} AC @)

{9} A =C

{10} (E'"#£A'A(E'#C'ANAC'(E")))

Instantiating (with copying) the top quantifier in -1 with the terms: F
, Cl1
)

SegmentDivision.1.2.2:

{-1} (Y (A,B: Point): (AB gjﬁ))
{2} (FOcic)

{-3} FC(E

{4} BG (B

{-5} FG(C)

{6} AF(E)

{1} FE =G

{2} FE =4

(3 E=F

{44 G=c

5\ G=F

{6} F=E

(M F=A

(8} 4C ()

{0y a=c

{10} (E'# A'AN(E'#C' NAC(E)))

Instantiating (with copying) the top quantifier in -1 with the terms: F
G
)

)
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SegmentDivision.1.2.2:

{-1} (Y (A,B: Point): (AB (;1{4—)))
{-2} (FGCFG)

(-3} (PO CRC)

{4} o)

{-5} EG(E)

(-6} TFaG(C)

(-1} AF®)

{1 EF=aG

{2}y E =4

{3 E=F

{4y G=C

{5} G=F

{6} F=E

{1} F=4

{8} aC @)

{9y a=c

{10} (B # A A(E' #C' NAC'(E)))

Instantiating the top quantifier in -1 with the terms: All
, F
)

SegmentDivision.1.2.2:

{1} (AFCAF)
{2} (FGCrG)
{3} (FOCFO)
{4} FCU(E)
(-5} EG (B
{-6} FG(C)
{-7} AF(E)

iy £=a

(2} EB=a

(3} E=F

{4y G=c

(5} G=F

{6} F=E

{1} FP=a

{8} AC @
{9y a=c
{10} (B'# A AN(E #C' NAC(E)))

Hiding formulas: 10,
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SegmentDivision.1.2.2:

(-1} (AF cA'F)
{2} (FGCFG)
{3} (FCCFC)
{4} FO(E)
{-5} EC(E)
{-6} FG(C)
{7} AT(E)

{1} F=¢

20 E=4aA

{3} E=F

{4} G=c

{5} G=F

{6} F=E

{1} F=a

{8} AC (5
{9} Aa=c

Trying repeated skolemization, instantiation, and if-lifting,

SegmentDivision.1.2.2:

{1} AF(B)
{2} FG(C)
(3} FC(B)
{4} Fo(m)
(-5} EG(E)
{6} FG(C)
{1} AF(E)
1} F=0G
2} E=4
(3} E=F
{4} G=c
{5} G=F
{6} F=E
{1} F=a
{8} AC ()
{9y A=

Hiding formulas: -4, -6, -7,
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SegmentDivision.1.2.2:

—

{1} AF(B)
{2} FG(C)
(3} FC (8
{4} #G(®)
{1} E=0G
{2} E =4
{3} E=F
{4} G=c
{5} G=F
{6} F=F
(1} F=A
81 AC (B)
{9} A =c

Applying LineExists
where

SegmentDivision.1.2.2:

{1} (Y (A,B: Point): (A €AB) A (B €AB))
{2} AF®)
{3} FG(C)
{4} FC'(B)
(-5 EG(E)
1 F=a
(2 B=a
3 B=F
4 g=c
5\ G=F
6} F=F
(M F=a
8} AC (B)
{0\ A=

Instantiating (with copying) the top quantifier in -1 with the terms: All
F
?

Y
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SegmentDivision.1.2.2:

(-1} (Y (A, B: Point): (A €AB) A (B €AB))
{-2} (A eﬂ) A(F eﬁ‘)
(3} AF (B

{-4y FG ()

{5} FC'(E)

{6} BG (&)

1 F=a

(2 B=a

31 E=F

1} a=c

51 G=F

6l F=E

(7} F=a

{8} AC (B

{9y a=c

Instantiating (with copying) the top quantifier in -1 with the terms: F
, G
?

SegmentDivision.1.2.2:

{1} (V(A,B: Point): (A €AB)A (B €AB))
(-2} (F€FG)A(GeFG)

{-3} & EB)/\(FEE)
{4} AF(B)

(-5} FG(C)
(-6} FC'(2)

{1y EG(E)
1y F-=a
2y B=a
3) E=F
{4}y c=c
5) a=r
6} F=E
M r=a
{8} 4 (m)
{9y a=c

Instantiating (with copying) the top quantifier in -1 with the terms: F
Ccl1
)

)
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SegmentDivision.1.2.2:

(-1} (Y (A, B: Point): (A €AB)A (B €AB))
{-2} (F eﬁ’) A (C! eﬁ’)

(-3} (FeFG)A(GeFQ)

(-4} (A €A'F)A(F €A'F)
(-5} AP (E)

{-6} FG(C)

{7} FC(E)

{8} BG(#)

A} F=a

(2 B=A

(3} E=F

4 g=c

(5} G=F

6! F=E

M F=a

(8}  AC (B)

oy a=c

Instantiating the top quantifier in -1 with the terms: E
, G
?

SegmentDivision.1.2.2:

{-1} (E eE<—(5) A(G eETi*)
{-2} (F ej«“—C}’) A (C! e}%’)
(-3} (FeFG)A(GeFQ)
{-4} (A eﬁ) A(F eﬁ)
{5} AF(B)

{6} Fc(c)

-7y FC(E)
(-8} BG (&)
1 7=c
2y B=a
(31 B=F
4 a=c
(5] G=F
(6] F=E
(7 F=a
(8} A'C'(E)
{9} A —c

Trying repeated skolemization, instantiation, and if-lifting,
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SegmentDivision.1.2.2:

{1} EBC(B)
{2} EBCG (@)

{3} FC(r)
{4} FC(C")
{5} FG(F)
{-6} FC(Q)
{7} AF )
(-8} AP (F)
{9} AP (B)

(110} FG (C")
(11}  FC' (B
{12} BG(®)

1y EF=G
2}y E=4
(3} E=F
{4y G=c
(5} G=F
(6 F=E
(M F=A
{8} AC(B)
{9} A=

Applying OnlyLine
where



SegmentDivision.1.2.2:

Instantiating (with copying) the top quantifier in -1 with the terms: F

{-1} (Y (A,B: Point,l: Line):
(Ael)AN(Bel)=>
l :j4—l§ V A= B)
{2}  BG(B)
{3} EG(G)
{4} FC'(P)
{5y FC(C)
{6} TG (F)
(7 PG
(8} AT (A)
(-9} AF(F)
(-10}  A'F (B)
(11}  FG (C")
{12} PO (m)
(13} EG (B
n E=a
2y EB=4a
3y E=F
4 G=c
(5} G=r
6} F=E
(1 P
8]  AC(B)
9y a=c
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SegmentDivision.1.2.2:

{-1} (Y (A,B: Point,l: Line):
(Aeh)An(Bel)=
]=ABV A= B)

{-2} (F eﬁ) A(E eﬂ) =
AF=FEVF=E

{3} EC(E)

-y  EBG(©)

{5} FC'(F)

{6} FC ()

{1} FG(F)
(-8}  FG(G)
(-9} AF(4)
(<10} A'F (F)
(11}  A'F (B)

{12} FG(C")
(13} FC (2

(114}  EG ()
1y E=0
2 B=a
3} E=F
4} a=c
(5} G=F
(6} F=FE
(1} F=4
{8} AcC ()
{9} A=c

.G

, BG
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SegmentDivision.1.2.2:

{-1} (Y (A,B: Point,l: Line):
(Aeh)An(Bel)=
]=ABV A= B)
{-2} (F e]?é’) NG EFC:') =
EG=FE'GVE =G
{-3} (FeAFP)AN(EeAF)=>
ﬁ:%’—é VF=F

{4} EC(B)

{5} ECG(G)

(-6} FC'(F)

{1y FC ()

{8} FG(F)

{(-9) FG(0)
(<10} A'F (A
(<11} A'F (F)
(-12) AP (E)
(113}  FG ()
(14} FC' ()
{15} EC (=)

n E=a

2 EB=a

(3} E=F

4y G=c

{5} G=F

(6} F=E

(n F=a

8} AC(B)

{9} A=

Instantiating (with copying) the top quantifier in -1 with the terms: F
E!l
Y

—
, FC'

Y
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SegmentDivision.1.2.2:

{-1} (Y (A,B: Point,l: Line):
(Aeh)An(Bel)=

—

I=ABV A= B)
— —
{-2} (FeFC)AN(E eFC") =
— —
FC'=FE'VF=F'
— —
{-3} (E'€EG)A (G €EG)=>
— >
EG=E'GVE =G
{-4} (FeA'F)N(E€A'F)=
— —

AF=FEVF=E
—

{-5} EG(E)
—

(-6} EG(®)
{1} FC'(F)
{8 FC(C)
{9} FG(F)
{110}  FG (G)

(11} AF(4)
(-12) AP (F)

(<13} A'F(E)
{14} FC(C)

{-15} FC' (E")

{16} EG (E')
1} E=G
{2} E=4
{3} E=F
{4} G=c
{5} G=F
{6} F=E
(v F=a
{8 aC (B
{9} A=

Instantiating the top quantifier in -1 with the terms: F
Cl1
?

>
, FG

?
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SegmentDivision.1.2.2:

{1} (FEeFG)A(C' €FG) =
FG=FC'VF ="
{-2} (F e%’) A(E eﬁ’) =
%’:ﬁ’ VF=F
{-3} (¢ e](ﬂ—é') A (G ejE_é) =
1(3_G>:E<T>G VE =G
(-4} (FEAF)A(ECATF) >
E=F<’—E> VF=F
(-5} EBG(B)
-6y EC(@Q)
{7y PO (F)
{8} FC'(C")
{(-9) FG(F)
{-10} FG(G)
(11} A'F (A
(12} A'F (F)
(13} AP (B)
(14} FG(C))
(15}  FC'(E)
(-16} EG (B
I F=c
20 E=A
3} E=rF
4 Gc=c
(51 G=F
6l F=E
M F=A
{8} 4C ()
{00 a=c

Expanding the definition of member

89



SegmentDivision.1.2.2:

— =

(-1}  FG=FC'
(2} FC'=FE
(-3} EG=EG
(-4} AF=FE
{5} EG(E)
{6} EC(G)
{1t FC'(F)
(8} FC'(C)
{9} FG(F)
{10} FG (G)
(11} AF(4)
(-12) AP (F)
(13}  A'F(E)
(114} FG (C")
{-15} FC' (B
(116} EG (B
17 F=c
2 E=A
(3} E-=F
4} a=c
(5] G=F
(6} F=E
7y F=a
8]  AC(B)
(9} a=c

Applying OnlyLine

where
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SegmentDivision.1.2.2:

{-1} (Y (A,B: Point,l: Line):
(Aeh)An(Bel)=

1=ABV A= B)
— —
(2} FG=FC'
{3} FC'=FE

(-4} EG=EG
(-5}  AFP=FE
(-6} EG(B)
{7} EBG(Q)

(-8} FC'(F)
{9} FC ()
{110} FG (F)
(11}  FG (@)

(<12} AF(4)
(13}  A'F (F)

(14} AF (B)
{-15} FG(C")
(-16) FC' (E)
(17} EG (B

{1} FE =@
{2} E =4
{3y E=F
{4} G=C
{5} G=F
{6} F=E
{71}y F=4
—
{8} A'C'(E)
{9} A=
Instantiating the top quantifier in -1 with the terms: G
, Bl1
—
e

?
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SegmentDivision.1.2.2:

(-1} (GEFG)A(E €FG) >
— —
FG=GE'VG=FE'
— —

(-2} FG=FC"

— —

(3} FCO=FF

(4} EG=EG

(-5} AF=FE
(-6} EG(B)
-1y EBG(G)
(-8} FC'(F)
{9} FC(C")
(10} FG (F)

{11} FG(Q)

(12} AF(4)
(13}  A'F (F)
(-14)  A'F (B)
{-15} FG(C")
(16} FC' (B
(17T}  EC (B

Iy F=G
2y E=4
{3} E=F
{4y G=c
{5} G=F
{68 F=F
(17 F=4
{8} ac ()
{9y a=c

Expanding the definition of member



SegmentDivision.1.2.2:

(-1} (FG(F')= FG=GE)
—
(2} FG=FC'
— —
(-3} FC'=FE

(4} EG=E'G

(-5} AF=FE
(-6} EC(E)
(-7} EG(®)
{8} FC'(F)

{9} Fo (@)
(10} FG (F)
(11}  FG (@)

(12}  AF(4)
(13}  A'F (F)
(-14)  A'F (B)
{-15} FG(C")

{16} FC (2
(17} EG ()

1y F=¢
2y E=4
(3} E=F
{4}y G=c
{5} G=F
(6 F=E
(17 F=4
{8 AC(B)
{9} A=

Replacing using formula -2,
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SegmentDivision.1.2.2:

(-1} (FC'(B') > FC'=GE)
(2} FG=FC'
(-3} FC=FE
(-4} EG=EG
(-5} AF=FE
(-6} EC(E)
{7} EG(G)
(-8} FC'(F)
{9}y FC(C)
{10} FC(P)
{11} FC' (@)
(12} A'F (4
(<13} A'F (F)
(-14)  A'F (E)
(15} FC’ (C")
{16} FC' (B
(17} EG ()
7 F=a
2y F=a
3) E=F
4y c=c
(5} G=F
(6} F=E
n F=a
(8}  AC'(E)
9y a=c

Replacing using formula -16,
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SegmentDivision.1.2.2:

{-1} (TRUE = FC'=GE)
— —

{2} FG=FC'
— —

{-3} FC'=FFE

(4} EG=E'G

(-5} AF=FE
(-6} EG(B)

{7} BG(G)

(-8} FC'(F)
{9} Fo ()
(10} FC' (F)
(11}  FC' (@)
(12} A'F (4
(<13} A'F (F)
(-14)  A'F (E)
(15} FC’ (C")
(-16) FC' ()
(17} EG ()

1] F-=c¢
(2} B=a
(3] E=F
My a=c
(5} G=r
6} F=E
( Fea
(8}  AC (B
9 a=c

Applying propositional simplification and decision procedures,
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SegmentDivision.1.2.2:

(-1} FC'=GE'
—

(2} FG=FC'
— —

(-3} FC'=FE

(4} EG=E'G

(-5} AF=FE
(-6} EC(E)
(-7} EG(®)
{8} FC'(F)

{9} FC(C)
(10} FC' (F)
(11}  FC' (@)
(12} A'F (4
(<13} A'F (F)
(-14)  A'F (E)
(15} FC’ (C")
(-16) FC' ()
(17} EG ()

1] F-=c¢
(2} B=a
(3] E=F
My a=c
(5} G=r
6} F=E
( Fea
(8}  AC (B
9 a=c

Applying OnlyLine
where



SegmentDivision.1.2.2:

{-1} (Y (A,B: Point,l: Line):
(Aeh)An(Bel)=

—

1=ABV A = B)
— —
(2} FC'=GE'

—

(-3} FG=FC'
— —
{-4} FC'=FF'

(-5} EG=E'G

—

(-6} AF=F
{7} EG(B)
(-8} EG(G)

(-9} FC'(P)
{10} FC'(C")
(11}  FC'(F)
(12} FC'(Q)
(13} AP (4)
(-14)  A'F (F)
(-15)  A'F (E)
(-16} FC' (C")
(17} FC (B
(18} EG (B

{1} E=6G
{2} E=4
{3} E=F
{44 G=c
{5} G=F
{6} F=E
My F=a
{8 4C (B
{9y a=c

Instantiating the top quantifier in -1 with the terms: F
E
)

—
, FC'

?
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SegmentDivision.1.2.2:

(-1} (FeFC)A(EeFC) =
FC’:ﬁ VF=F
(2} FC=GE'
(-3} FG=FC'
(-4} FC'=FE'
(-5} EG=EG
(-6} A'F=FE
{7} EG(E)
(-8} EBCG (@)
(9} FC'(F)
{-10} FC’ (C)
{11} FC'(F)
(12} FC' (@)
(13} AF (4
(-14)  A'F (F)
(-15} AP (E)
{16} FC'(C")
(17} FC ()
{(-18} EC(E)
7 F=a
2y E=a
3y E=F
{4} a=c
(5} G=r
6} F=E&
n F=a
(8}  AC(E)
9y a=c

Expanding the definition of member
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SegmentDivision.1.2.2:

(-1} (FC'(B)= FC'=FE)
(2} FC'=GE'
(-3} FG=FC'
(-4} FC=FE
(-5} EG=EG
(-6} AFP=FE
{7} EG(E)
{8} EG(G)
(-9}  FC'(P)
{-10}  FC'(C")
(11} FC (P)
(12} FC (@)
(13} A'F (A
(-14}  A'F (F)
(15} AP (B)
{16} FC'(C")
{17} FC ()
(18} EG (B
1] F=a¢
2} E=4a
(3} E-=F
{4} G=c
5} @=r
(6} F=F
7 F=4a
{8y AC(B)
{9} a=c

Applying LineSym

where
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SegmentDivision.1.2.2:

{-1} (V (A, B: Point) : E:ﬁ)
(-2} (FC'(E)= FC'=FE)

— —
(-3} FC'=GE'
— —

(4} FG=FC'
— —
(5} FC'=FE'

(-6} EG=EG
(-7} AFP=FE
(-8} EBCG(B)
(-9} EC(C)

(-10} FC'(F)
{11} FC'(C)
(12}  FC' (F)
{13} FC'(©@)

(14} AP (4)
(15} AP (F)
(-16} A'F (B)
{17} Foe)

(18} FC' (E)
(119}  EC (B

17 F=a
(2} E=4a
(3} E=F
4} G=c
(5} G=F
6) F=E
(M Fea
8]  AC(B)
0 a=c

Instantiating the top quantifier in -1 with the terms: G
EN
?

?
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SegmentDivision.1.2.2:

—

(1} GE=BG
{2} (FC'(E)= FC'=FE)
(-3} FC=GE'

—

(-4} FG=FC'
(-5}  FC'=FE
(-6} EG=E'G
(-7} AP=FE
(-8} ECG(B)
(-9} EC(C)

(10} FC' (F)
{11} FC'(C)
(-12} FC' (P)
(13} FC' (@)

(14} AF(4)
(15} AP (F)
(-16} A'F (B)
(17} Fee)

(18} FC' (E)
(19}  EC (B

{1 E=G
{2} E=4
{3} E=F
{44 c=c
{5} G=F
{6} F=E
{1y F=4
{8 AC (B)
{9} A =C

Replacing using formula -1,
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SegmentDivision.1.2.2:

—

(1} GE=BG
{2} (FC'(E)= FC'=FE)
(3} FO=EG

—

(-4} FG=FC'
(-5}  FC'=FE
(-6} EG=E'G
(7Y AFP=FE
(-8} ECG(B)
(-9} EC(C)

(10} FC' (F)
{11} FC'(C)
(-12} FC' (P)
(13} FC'(©@)

{14} A'F(4)
(15} AP (F)
(-16} A'F (B)
(17} Fee)

(18} FC' (E)
(19}  EC (B

{1 E=G
{2} E=4
{3} E=F
{44 c=c
{5} G=F
{6} F=E
{1y F=4
{8 AC (B)
{9} A =C

Applying propositional simplification and decision procedures,
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SegmentDivision.1.2.2:

{-1} FC'=FE
— —
{2} GE=EG
— —
{-3} FC'=E'G

(4} FG=FC'
— —
(5} FC'=FE'

(-6} EG=E'G
(-7} AP=FE
(-8} ECG(B)
(-9} EC(C)

(10} FC' (F)
{11} FC'(C)
(-12} FC' (P)
(13} FC' (@)

(14} AF(4)
(15} AP (F)
(-16} A'F (B)
(17} Fee)

(18} FC' (E)
(19}  EC (B

{1 E=G
{2} E=4
{3} E=F
{44 c=c
{5} G=F
{6} F=E
{1y F=4
{8 AC (B)
{9} A =C

Applying OnlyLine
where
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SegmentDivision.1.2.2:

{-1} (Y (A,B: Point,l: Line):
(Aeh)An(Bel)=
]=ABV A= B)
{2} FC'=FE
{-3} GE'=FEG
{-4} FC'=E'G
{-5} FG=FC'
{6} FC'=FE

(-7} EG=EG
(-8} A'P=FE
(-9} EG(E)
{10} EG (@)

{11}  FC' (F)
(12} FC'(C)
{13}  FC' (F)
(14}  FC'(G)

(15} A'F (4
(-16) A'F (F)
(17} AP (B)
(<18} FC'(C)

(19} FC' (E)
{-20} EG (B

1] F=a¢
(2} B=A
(3 E=F
My a=c
(5} G=F
(6} F=F
( F=a
8} AC (B
[0 a=c

Instantiating the top quantifier in -1 with the terms: Al!l
cn
?

—
, FC'

Y
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SegmentDivision.1.2.2:

Expanding the definition of member

(-1} (A €FC)A(C' €FC') =
FCO'=AC'V A =C'
(2} PC'=FE
(3} GE=EG
(-4} FC=EG
(-5} FG=FC'
(-6} FC'=FE
(-7} BEG=EG
(-8}  AF=FE
{9} EC(E)
(-10} EG (G)
{11} FC'(F)
(12} FC ()
(13} FC' (F)
(14} FC' (@)
(-15) AP (4)
(-16} A'F (F)
(17} A'F (E)
(18} FC’ (C")
(<19} FC' ()
(20}  EG(E)
1} F-=c¢
2} E=4a
(3} E=F
4} Gg=c
(5} G=F
6} F=E
(1 F=a
{8} AC(B)
{9}y a=c
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SegmentDivision.1.2.2:

{-1} FALSE
(-2} FC'=FE

—r —
(3} GE=EG

— —
{4} FC'=EG

— —

{-5} FG=FC'
(-6} FC'=FE
(7Y EG=E'G
(-8} AP=FE
(-9} EC(E)
(-10}  EG(Q)
{11} FC'(P)
(12} FC'(C)
{-13} zz (F)

(14}  FC' (@)
(15} A'F (4))
(-16) A'F (F)
(17} A'F (B)
(-18)  FC'(C')

(-19} FC ()
(20} EG ()

1} E=0G
{2} E=4
{3} E=rF
{4} G=c
{5} G=F
{6} F=E
(v F=a
{8} AC(B)
{9} A =c

which is trivially true.

This completes the proof of SegmentDivision.1.2.2.
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SegmentDivision.2:

{-1} (C"e FG)ANG#C'NG#F
{2} (E€AF)NF£ENF#A
{1} (3 (D : Point) :
(D € (A’Fn ﬁ)}))/\
D#A'AD# F)
{2} (EeAC)
{3} A#C=>
(D : Point) :
D#A'AD#C' AN(De AT

Instantiating the top quantifier in 1 with the terms: E

SegmentDivision.2:

{1} (C"€FGAGECNGEF
{2} (BE€AF)ANF#ENF#A
{1} (B € (A’FN EG))A
E£ANE#F
{2} (EeacC)
{3} A #£C=>
(D : Point) :
D#AAND#C'A(DeAC

Trying repeated skolemization, instantiation, and if-lifting,
we get 3 subgoals:

SegmentDivision.2.1:

{-1} E=4
[2} TG
[3) AP
{1} G=C
{2} G=F
{3} F=4
—
{4} aC (A
{5} A'=C
Applying LineExists

where A

gets All

. B

gets Cl1

?

107



SegmentDivision.2.1:

(-1} (4 €A'C)A(C eAC)
(2} E=aA

3} FG(C)

{4} aPa)

1 a=c

2 G=r

31 FP=a

(4} AC (4

5} A=c

Expanding the definition of member

SegmentDivision.2.1:

{-1} FaLsE
{-2} E=4
[-3) TG
{-4} AF(A)
{1} G=cC
{2} G=F
{3} F=4A
(14 A0 @)
{5} A=

which is trivially true.
This completes the proof of SegmentDivision.2.1.

SegmentDivision.2.2:

{-1} CG()
{-2} AC(E)
{3} (F=0)
1} BC(E)
{2} G=C
31 =k
{4} C' =4
{5} AC(B)
{6} A'=C
Applying LineExists

where A

gets E

. B

gets G

?
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SegmentDivision.2.2:

{-1} (E eE<_C:*) NG e(E—C:*)
{2} TEe)

{-3} 4C(B)

{-4} (F=C)

{1} EG (&)

(2} a=c

3) C=E

4 o=

{5} AC(B)

6 A=c

Expanding the definition of member

SegmentDivision.2.2:

{-1} PALSE
{2} G
{-3} A'C'(E)
4 (r=c)
{1} EG(E)
{2} Gg=c
{3 C'=E
{4} C' =4
(5} A (B)
{6} A=

which is trivially true.
This completes the proof of SegmentDivision.2.2.

SegmentDivision.2.3:

{-1} FG(C")
{-2} AF(E)
{1} EBC(®B)
{2} G=C
{3} G=F
{4} F=E
{5} F=4
{6} AC B
{7} A'=C
{8y AC(F)
Applying LineExists
where A
gets E
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, B
gets G
?

SegmentDivision.2.3:

{-1} (E€EG)A(GeEG)
{2} TG
{3} AF(E)
{1} BEG(B)
2y G=c
(3] G=r
(4} F=F
(5} F=a
(6} AC(E)
M Aa=c
8y ACT(F)

Expanding the definition of member

SegmentDivision.2.3:

{-1} FALSE
{2} FaG(C)
(-3} AF(E)
{1} EG(B)
{2} G¢=c
{3} G=F
{4} F=E
{5} F=4
{6} AC(B)
{1} A=c
{8} AC(F)

which is trivially true.
This completes the proof of SegmentDivision.2.3.
Q.E.D.
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