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1 Drift operator

1.1 Definition
> T:=proc(Index,power,operand)
> local y,t,x,i,Y;
> x:= [dsolve({diff(y(t),t) = subs(Index=y(t),power), y(0)=Index},
> y@ENI;
> x:=allvalues(x);
> Y:=rhs(x[1]);
> for i from 2 to nops(x) do
> Y:= piecewise(simplify(subs({t=0},rhs(x[i])))=Index,rhs(x[i]),Y);
> end do;
> subs(Index=Y, operand):
> subs(t=1,%);
>  simplify (%) ;
> end:

1.2 Examples
> T(x,a,V(x));

> T(y,a,V(x*y));

> T(x,a+tb*x,V(x));

> T(x,a/x,x);
{—v2a+x2 —csgn(z)x =
V2a+ x? otherwise
> T(x, sqrt(x),V(x));
1
V(Z—I—\/E—i—x)
> T(x, axexp(b*x), V(x));




2 Blur operator

N
[

Definition

stdblur:= proc(Index, operand)

local u;

if type(operand,list) then

map (V->1/sqrt (2*Pi) *int (exp(-u~2/2) *subs (Index=Index-u, V),
u=-infinity..infinity),

operand) ;

else

1/sqrt (2*Pi)*int (exp(-u~2/2) *subs (Index=Index-u, operand),
u=-infinity..infinity);

end if;

simplify (%) ;

end:

VVVVVVVVVVVV

B:=proc(Index, power, operand, check)
local Opl, 0Op2, y;

T(Index, power*y, Index);

T(Index, power*y, operand);
stdblur(y, Opl);

0p2:= stdblur(y, 0p2);

T(y, subs(y=0,Index-0p1)/diff (Opl,y),0p2);
subs (y=0,%) ;

simplify (%) ;

end:

VVVVVVYVVVYV

2.2 Examples
> B(x,sigma,a*x”2+b*x+c);
ax?+bx+c+aoc?
> B(x,sigma,x"5);
z(z* + 100222 + 150%)
> B(x,x*sigma, [x7(-2),x"(-1),x,x72,x"3,x74,x75]):
> simplify(%);

6(302) 6(02) 2 2 2 2
. T, e(d ).732, 6(30 )333’ 6(60 ).734, 6(100 )335]

22
> B(x,sigma, exp(a*x));

a(2xtac?
(e

> B(x, sigma, V(x));

% (% /Ze(%)\/(—ou—i—x)du)

> B(x, x*sigma, V(x));

E <ﬁ/ e(%)\/(xe(%))cﬁa
2 \Vr )

> assume(z>0) ;assume(z2>0) ;
> B(z, sqrt(z), V(z));

1 (V2 [ w2 1 wuvidz =1 2
Z X2 (=%) ~_ - _ v e -2
2 <ﬁ/ooe ViE - > 4)d”>

> B(z,sqrt(z)*sqrt(z2), z°2);
diff (%,z2);
> diff(%%,z,2z);

\



3 Stock price models

&
ot

Levy process

L:=proc(Index, power, operand)

local kernel,u;

int (exp (I*u*Index + power), Index=-infinity..infinity);
kernel:= simplify(%);

int (kernel*subs(Index=Index-u,operand) ,u=-infinity..infinity);
simplify (%4/(2%Pi));

end proc:

VVVVVYVYV

> L(x,-2%x*x/2,x°2);
)
> L(x,-x*x/2, L(x, -x*x/2, x°2));
22 +2

3.2 Black&Scholes
> Vcall:=charfcn[0..infinity] (S-K)*(S-K);
Veall := charfen, (S — K) (S — K)
> Theta:=(V,M)->exp(-r*M)*T(S,r*S*M, B(S,sigma*S*sqrt(M),V));
0:=(V, M) — ="M T(S, S M, B(S, 0 SV/M, V))
> F:=Theta(Vcall,M);

1 e(fr]\ﬂ\/i 0
Py |20
2\ = )

o (o M42uVvVM o (o M4+2u VM
( +2 ))_K ( +2 ))_

(SelrM) (= ) e(= %) charfeny (S e M) (= K)
du

> subs({M=5, r=5/100, S=100, sigma=4/10, K=100}, F);

2 e

(100 e/ e(=2/5=252) _ 100) e(~5) charfen, (100 (/Y e(~2/5=252) _10)

1 e(_1/4)\/§/°°

du

>  evalf(%);
42.87636389



3.3 Asian Option
> C:=charfcn[0..infinity] (A/n-K);

A
C := charfeng oo(— — K)
n
> T(A,S,C);

_S_A+K
charfeng . (— 2~ AT

n
> B(S, sigmax*S, %);

1 \/§/°°

2 | V7)o

e—%) charfeng oo <— =5

eCHTI0 1 g1 — Al + A+ KnelT) —Kn)
(6(5_21) —1n

> T(A,S,%);

1 2 [ 2
3 %/Ooe(_T)charfcnmoo

—Se(=5-1/16) 4 §o(=$-1/32) _ Ge(32) — Aelm) 4+ S+ A+ Kne(s) — Kn J
_ u
(6(5_21) —1)n

> #B(S,sigmax*S, %);

3.4 Geometric Brown

3.4.1 Desired result
> B(x, sqrt(t)*sigma*x, £(x));

(\/_/ e~ )fxe( (M\f”t)))du)

3.4.2 Equivalent operator sequence
> T(x,x*x2,f(x));
> B(x2,sigma*sqrt(t),%);
>  simplify(T(x,-x*(x2+sigma~2*t/2),%));

f(z e®?)

1 <ﬁ/ e(u_zg)f(xe("\/z“+"”2))du>
2 \Wm J_

L / e(__)fxe( (”+22u\/z>))du
2 \ V7



3.4.3 Proof
> diff (T(x,-x*(x2+t*sigma~2/2),f(x,t)),t);
1 ot gt gt
—5 Di(a e, )z o el =225 4 Dy(f) (el 1)
> diff(T(x,x*x2,f(x)),x);
D(f)(ze™) e
> B(x2,sigma,exp(x2)*f(x));
@2+ 5) f(x)
> diff(T(x,x*x2,f(x)),x2,x2);
(D@)(f)(ze™?) 2% ()2 + D(f)(x e*?) x ™

4 Intertemporal optimization

4.1 Model selection

Execute only one of the following models
> Theta:=V->B(x,1/20,T(x,1/10,V));
> U:i=—(x-1)"2;

0:=V — B(z, 2i0, T(z, liO’ V)
U:=—(z—1)?
> Theta:=V->B(x,1/5,T(x,1/10,V));
> U:=-exp(-x);
0:=V — B(z ! T(x 1 V)
757 b 107

U:=—el=
> Theta:=V->B(x,1/5,T(x,1/10,T(c,1/10%c,V)));
> U:=—exp(-x);
c

1 1
0=V =B, &, T(z, 15, Tle, 750 V)

4.2 Optimization
> plot({U,Theta(U)},x=-0..2);
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A:=V->T(h,n,T(c,-n*x,V));
A:=V —T(h, n, T(c, —nz, V))
> Da:=V->subs({c=0,h=0},V);
Da:=V — subs({c=0, h =0}, V)
> VO0:=[subs(x=c+h*x,U) ,h*x+c];
VO :=[—el=c"®) ¢+ ha]

V0:=collect (Theta(V0),h);

VO:=collect (A(VO),h);

diff(VO[1],n);
star:=solve(diff(VO[1],n)=0,n);

\

vV V V V

Vo = [_e(7c71/10h7hz+1/50h2)7 c+ h(l_l() + 2)]

n £ 712 nh l2 1 n
VO = [—e(—c—T—f6—hat B +5+4%) h(— + 2 =
[—etmeT0 710 ) h(gg ) et ]

—(—= + — + — ) e(TemTo T hotEr + i+ 55)

5
tar .= = —h
star == 5

> plot(subs(x=1,Da(V0)),n);
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> VO:=subs(n=star,V0):
> collect(expand(VO),x);
[ h2x2+(2h 2 h) c2+2c 1 c +hx+124]
125 125 125(2 . 125 125 1257 125 125 125
> Da(V0);
> evalf(subs(x=1,%));
[__1 %]
1257 125

[—0.008000000000, 0.9920000000]

5 Statistical measures

5.1 Model selection

> Theta:=V->T(x,1,B(x,sigma,V));
©:=V — T(z, 1, B(z, 0, V))
> Theta:=V->B(x,sigma,B(y,sigma,T(x,y,V)));
0 :=V — B(x, o, By, o, T(z, y, V)))
> Theta:=V->T(x,y,B(x,sigma,B(y,signa,T(x,-y,V))));
0 :=V — T(z, y, B(z, 0, B(y, o, T(z, —y, V))))
> Theta:=V->T(x,y+1,B(x,sigma,B(y,sigma,T(x,-y,V))));
0:=V - T(x,y+1, Bz, 0, By, o, T(z, —y, V))))

5.2 Expectation value
> ev:=x->Theta(x);

> ev(x);
> ev(y);



5.3

Variance
var:=x->simplify(Theta(x"2)-Theta(x) "2);

var := x — simplify (0 (z?) — O(x)?)

var (x) ;
var (y) ;
202
0.2
Covariance

cov:=(x,y)->simplify(Theta(x*y)-Theta(x)*Theta(y));
cov := (x, y) — simplify (6 (z y) — O(z) O(y))
cov(x,y);

6 Term structure models

6.1

6.1.1
>
>
>

6.1.2

®
=
w

VVVVVVVVYVV.

6.1.4

Hoo and Lee

Initial parameter values

unassign(’sigma’);

myvalues:={al=0, a2=0, c=100, t=0, r=1/10,sigma=1/10};
da := V->evalf (subs(myvalues,V));

1 1
myvalues := {al =0, a2=0,c:1007t20,7‘=1—0,c;’=1—0

da :=V — evalf(subs(myvalues, V'))

Forward rate curve
f:= M-> 1/10 + 0*M + al + a2x*M;

1
f::M—>E—|—a1+a2M

Theta operator
Theta := proc(V)
B(al, sigma,
T(a2, mu?2,

T(al, muil,

T(eur, -f(t)*eur,
T(t,1,

\

25
simplify (%) ;
end proc:

Fitting the drift condition
unassign(’mul’);
unassign(’mu2’);
unassign(’c’);



> Theta(eur):
simplify (%) :
> Li:=da(%);

\

L1 :— ¢(—0.09500000000—1. pu1)
> Theta(Theta(eur)):
simplify (%) :
L2:=da(%);

eur

vV Vv

L2 = 6(70.175000000073. nl—2. pu2)

L:=da(solve(
{Li=eur*exp(-£(0)),
L2=eur*exp (-f(0)-f(1))}
, {mu2,mui}));

L := {u2 = 0.005000000000, £1 = 0.005000000000}
> assign(L);

eur

vV V V V

6.1.5 Examples
> da(Theta(Theta(Theta(eur))));

0.7408182207 eur
> 100*exp(-£(0)-£(1)-1(2));

> da(%);
100 6(_3/10_3 al—3a2)
74.08182207
> f(M):
> da(%);

0.1000000000
> Theta(%%) :
> da(%);

0.1200000000 + 0.02000000000 M

6.2 Hull and White

6.2.1 Volatility term structure
> assume (kappa>0);
> sigma:=alpha*exp(-kappa*(M-t));

o= ael=r (M=)

6.2.2 Initial values

> X1:={h1=0,h2=0,t=0,alpha=.2,kappa=.05,c=0};
X1:={h1=0,h2=0,k"=0.05c¢=0,a=0.2,t=0}
> da:=V->
> simplify(subs(X1,V));
da :=V — simplify(subs(X1, V))
> daf:=V->evalf(da(V));
daf :=V — evalf(da(V))



6.2.3 Basis functions
> iprod:=(f,g)->int(f*g,M=0..infinity);

iprod := (f, g) — /0 fgdm

> unassign(’k’);
> sigmaO:=subs(t=0,signma):
> Dbl:=k[0]*sigma0;
> Db2:=k[1]*sigma0 + k[2]*sigmaO*int (sigmal,M) ;
b1 = koael=r M)
2 (,(—r" M))2
b2 =k ael=r M) _ k2 o” (e — )
K
> S:=solve({
> iprod(bl,bl)=1,
> iprod(b1l,b2)=0,
> iprod(b2,b2)=1}, {k[0],k[1],k[2]1});
4RootOf(—k™ + _Z2, label = _L§) 6 RootOf(—x~ + _Z2, label = _L{) K~
S = {kl = 9 k? = ) 9
o o
RootOf(—2 k™ + _Z2, label = _L5)
ko = }

o
> allvalues(S);

4K" 6k (3/2)
kl = =

s ko 5 ko =- ke =——F—, ko
« « o

o? o

i :\/5\/?}’ {k1 AR R \/5\/;}

o= ——F—, ko=
o2 Q

4K~ 61~(3/2) NS
ki=——, ko= k — ,
«

=- ke =——F— ko=
o o o

{k 4K~ 6k (3/2) _\/5\/?}

> assign(%[11);

> Dbi;
>  Db2;

V2 i e—r M)
AVRT M) G/ (el MD)2

> iprod(bl,bl);

> iprod(b1l,b2);
> iprod(b2,b2);
1
0
1
> sl:=iprod(sigma, bl);
> s2:=iprod(sigma, b2);
; 1 av2elr 8
§l i = =~ —rn———
2 Vi~

s2:=0



6.2.4 Yield curve
> £00:=1/10+1/100%M;

10 100
> f0:=f00+h1*bl+h2%b2;
1 M - - -
J0:= 55+ o+ REVEVET M 4 b2 (4Tl M 6 VR (e M)

> int(subs(M=M2,f0) ,M2=t..M);

1 . . .
2—00(20M VE + M?* Ve —200h1 /2e=% M) — 800 h2 el—" M) 4 600 h2 (e~ M))2

— 20t Vi — 12 VK +200h1 V2elTD 4800 h2elFTD — 600 h2 (el 1)?) /
=

Z:=M->-1/200% (-20*M*kappa" (1/2) -M"~2kappa" (1/2) +200%h1%2"~ (1/2) *exp (-k
appa*M) +800*h2*exp (-kappa*M) -600*h2*exp (~kappa*M) ~2+20*t*kappa” (1/2)+t
~2xkappa” (1/2)-200*%h1*2" (1/2) *exp (-kappa*t) -800*¥h2*exp (~kappa*t)+600*h
2xexp (-kappaxt) “2) /kappa”(1/2);

vV V V V

1
Z:=M — —2—00(—20M\/_— M? /K + 200 h1 /2 e~ M) 4800 h2 e(—+ M)

— 60022 (e~ MN)2 120t \/k + 12 \/k — 200 h1 \/2e(=*D) — 800 h2 e+
+ 600 h2 (e=7D)2) /\/k

6.2.5 Risk neutral drift

mu:=sigma*int (subs(M=M2,sigma) ,M2=t..M):
simplify (%) ;

ml:=iprod(mu,bl);

m2:=iprod(mu,b2) ;

a2 e(ﬂ~ (_IL{J’_t)) (e("'{~ (_M""t)) — 1)

vV V.V V

K
1 a2el D220 —3)
ml = —— —
6 k™ (3/2)
o L2
6 Kk~ (3/2)
>  simplify(ml*bl+m2%b2-mu) ;
0

&
bo
o

VVVVVVVV.

Theta Operator
Theta:=V->

B(hl, si,

T(hil, mi,

T(h2, m2,
T(eur,eur*(-Z(t+1)+Z(t)),
T(t,1,

V'
25
O :=V = B(ht, s1, T(h1, m1, T(h2, m2, T(eur, eur (=Z(t+ 1) +Z(t)), T(t, 1, V)))))



> Theta(eur):
> da(%);

0.9003245226 eur

> Theta(%%) :
> daf(%);

0.8025187980 eur

6.2.7 Expected interest rates
> F:=diff (exp(Z(M)),M)/exp(Z(M)):
> da(h);

0.1000000000 + 0.01000000000 M
> Theta(F):
> seq(da(subs(M=i,%)),i=0..10);

0.1000000000, 0.07288639480, 0.05111466810, 0.03408819550, 0.02127143430,
0.01218390130, 0.006394732300, 0.003517771200, 0.003207134500,
0.005153206500, 0.009079025200

6.2.8 Cash account
> F:=100%eur;

> da(F);
F :=100 eur
100. eur
> F:=Theta(F):
> daf(F);
74.08182207 eur

> seq(100*daf (exp(-Z(i)+Z(0))),i=0..10);

100., 90.03245226, 80.25187980, 70.82203535, 61.87833918, 53.52614285,
45.84060113, 38.86795709, 32.62797946, 27.11725350, 22.31301601

6.2.9 Strategy

F:=T(c,eur,Theta(c+eur)):
da(h) ;

Vv Vv

1.900324523 eur
P:=V->
T(c,-a*0.8*eur,
Theta(
T(c,a*eur,
Vv
))):
da(%);

VVVYVVYVYV

V — T(0, —0.8 a eur, ©(T(0, a eur, V)))
> M_1:=da(P(c));
M _1 :=0.1003245226 a eur
> M_2:=da(P(c"2));
M _2 = 0.04150802339 a? eur?
> sqrt(M_2-M_172);
0.1773217797 Va2 eur?
> #VR:=P(charfcn[-infinity..ul(c)):



